The present paper deals with initial value problems for the fractional evolution equations involving the Caputo fractional derivative. By deriving a property of the three-parametric Mittag-Leffler function and using the Schauder fixed point theorem, new sufficient conditions for existence and uniqueness of mild solutions are established. Primary 26A33 ; secondary 34K37; 34A08
Introduction
In this paper we consider the fractional evolution equation of the form is defined as the set of u ∈ B for which the following limit exists:
D q x(t) = Ax(t) + f t, x(t)
For more details as regards semigroup theory of operators, see [1] . Fractional differential equations have been widely applied in many important areas, including thermodynamics, porous media, plasma dynamics, cosmic rays, continuum mechanics, electrodynamics, quantum mechanics, biological systems and prime number theory [2, 3] . In particular, the fractional diffusion equations have been successfully used in modeling anomalous diffusion processes with continuous time random walks [4] .
Theoretical aspects for fractional evolution equations have been investigated by many mathematicians. El-Borai [5] [6] [7] used a probability density function to obtain the solutions to Cauchy problems for different fractional evolution equations. In 2010, Hernandez et al. [8] proved that the concepts of mild solutions of fractional evolution equations considered in some previous papers were not appropriate. Based on the new definition of a mild solution obtained by employing the Laplace transform, Zhou et al. [9] [10] [11] [12] [13] [14] established the existence and uniqueness results for mild solution of different kinds of fractional evolution equations. Wang et al. [15] revisited the nonlocal Cauchy problem for fractional evolution equations and relaxed the compactness and Lipschitz continuity on the nonlocal item given in the previous existence results. Fan et al. [16] used the fixed point theorem for condensing maps to obtain the existence results for Eqs. (1.1)-(1.2) under the noncompactness condition. In [17] the authors established the local existence and uniqueness of mild solution of Eqs. (1.1)-(1.2) under Lipschitz condition and proved the continuous dependence of mild solution on the initial value and the fractional order. Ge et al. [18] considered the approximate controllability of the fractional evolution equations with nonlocal and impulsive conditions. Chen et al. [19] studied the existence of mild solutions for a nonautonomous fractional evolution equations with delay in Banach space. Yang and Wang [20] established the existence and uniqueness of mild solutions of fractional evolution equations involving the Hilfer derivative by using the noncompact measure method. In [21] [22] [23] , the authors investigated existence, uniqueness and asymptotic behavior of weak solutions of the initial boundary value problems for time fractional diffusion equations by employing the spectral decomposition of the symmetric uniformly elliptic operator. However, to the best of our knowledge, the existence and uniqueness of mild solution of the initial value problem (1.1)-(1.2) under compact condition have not been deeply investigated yet.
In the present paper, we use properties of the three-parametric Mittag-Leffler function and fixed point theory to prove the existence and uniqueness of mild solution to Eqs. (1.1)-(1.2). In particular, the uniqueness result for a mild solution is obtained when f satisfies a condition weaker than Lipschitz condition. This paper is organized as follows. In Sect. 2, a new property of the three-parametric Mittag-Leffler function is established. In Sect. 3 we prove the existence of mild solutions of Eqs. (1.1)-(1.2) by using the Schauder fixed point theorem and the new property of the three-parametric Mittag-Leffler function. Section 4 deals with the uniqueness of the mild solution. In Sect. 5, two examples are given for demonstration. Section 6 presents some concluding remarks.
A property of the three-parametric Mittag-Leffler function
In this section we prove a new property of the three-parametric Mittag-Leffler function which plays an important role in our investigation. 
where · is the ceiling function and D β is the classical differential operator of order 
where (e) i = e(e + 1) · · · (e + i -1). Proof Firstly we take an integer i 0 ∈ N such that ci 0 + d ≥ 2. We choose a real number t 0 > 0 such that, for t ≤ t 0 ,
Thus we need to find a real number λ > 0 that satisfies (2.1) for t ∈ [t 1 , h]. By Lemma 2.4, there exists an integer i 1 ∈ N such that, for i ≥ i 1 ,
There exists a real number λ 0 > 0 such that
Then we have, for any t ∈ [t 1 , h],
Theorem 2.7 Let c, e, h, r, γ > 0. If d < min{γ , 1}, then there exists a real number
Proof By Lemma 2.5 and Lemma 2.6, we can easily prove this result.
Remark 2.8 The above result is a generalization of the result for the two-parametric Mittag-Leffler function obtained in [28] .
For more details as regards the Mittag-Leffler functions, see [25, 29, 30] .
Existence of mild solution
In this section we use the property of the three-parametric Mittag-Leffler function to establish the existence results for mild solutions to the equation ( 
Definition 3.1 ([9, 14] ) By the mild solution of the fractional evolution equations (1.1)-(1.2), we mean a function x ∈ C([0, T], B) satisfying
where
Here V q (s) is the Mainardi function defined by ( [2, 31] )
We recall some properties of the operators S q (t) and P q (t).
Lemma 3.2 ([10])
For any t > 0, S q (t) and P q (t) are bounded linear operators. Moreover, for any u ∈ B, By considering the fixed point problem with J defined by
we study the existence and uniqueness of solutions to Eqs. Proof Let H = sup x∈Y x . We have, for any x ∈ Y and 0 ≤ t 1 < t 2 ≤ T,
By Lemma 3.3, it is clear that K 0 → 0 as t 2 -t 1 → 0. Firstly we consider the case 0 < t 1 < t 2 ≤ T 1 . From (H3-3), there exists a real number q 3 > 0 such that a 1 < q 3 < q. By (H3-3), Lemma 3.2 and the Hölder inequality, we have
, which implies that K 1 → 0 as t 2 -t 1 → 0. By (H3-3), Lemma 3.2 and the Hölder inequality, we have
which implies that K 3 → 0 as t 2 -t 1 → 0. By (H3-1) and Lemma 3.2, for ∈ (0, t 1 ),
Similar to K 1 and K 3 , by using Lemma 3.4 and the Hölder inequality, we can prove that
In the case t 2 > T 1 and the case t 1 = 0, by using the same technique as above, we can complete the proof.
Lemma 3.6 Let Y be a bounded subset of C([0, T], B) and suppose that (H3-1), (H3-2), (H3-3) hold. Then J is continuous on Y .
Proof Let H = sup x∈Y x and {x n } ⊂ Y be a sequence such that lim n→∞ x n = x in
C([0, T], B)
. By the continuity of f with respect to the seconde variable, for a.e.
It is easy to prove that the right side of the above inequality is integrable for s
By the Lebesgue dominated convergence theorem, lim n→∞ Jx n (t) = Jx(t) for any t ∈ [0, T].
Lemma 3.7 Let Y be a bounded subset of C([0, T], B) and suppose that
Proof By using the same technique as Theorem 3.1 of [9] , we can prove this result. Now we will prove the main result of this section. 
We define a convex bounded closed subset G of C([0, T], B) as follows:
.
By the Hölder inequality, we have, for any x ∈ G and t ∈ [0, T 1 ],
Uniqueness of mild solution
This section discusses the uniqueness of mild solutions of (1.1)-(1.2). For the uniqueness theorem, we make the following hypotheses. 
We define W 1 and L 1 as follows:
If W 1 = 0, then we have
which implies that W 1 = 0. Therefore x(t) = y(t), t ∈ [0, T 1 ]. By Theorem 2.7, there exists a real number λ 2 > 0 such that, for t ∈ [0, T],
We define W 2 and L 2 as follows: 
Applications
In this section we discuss existence and uniqueness of mild solutions of time fractional diffusion equations as an application of main results. The existence of solutions of the following equations cannot be proved by previous results.
Example Consider the fractional diffusion equation of the form 
Conclusion
In this paper the existence and uniqueness of mild solutions of the initial value problems of fractional evolution equations are proved under some appropriate conditions by using a fantastic property of the Mittag-Leffler function. In particular, the uniqueness result of mild solution is established when f satisfies the condition close to Nagumo-type condition. In the future, we will investigate the initial value problems for different fractional differential equations by employing the proof technique used in the present paper.
